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Abstract 

A vertex of degree one in a tree is called an end vertex and a vertex of 
degree at least three is called a branch vertex. For a graph G, let (72 be 
the minimum degree sum of two nonadjacent vertices in G. We consider 
tree problems arising in the context of optical and centralized terminal 
networks: finding a spanning tree of G (i) with the minimum number of 
end vertices, (ii) with the minimum number of branch vertices and (iii) 
with the minimum degree sum of the branch vertices, motivated by net¬ 
work design problems where junctions are significantly more expensive 
than simple end- or through-nodes, and are thus to be avoided. We con¬ 
sider: (*) connected graphs on n vertices such that a 2 > n — k + I for 
some positive integer k. In 1976, it was proved (by the author) that every 
graph satisfying has a spanning tree with at most k end vertices. In 
this paper we first show that every graph satisfying (*) has a spanning 
tree with at most fc -|- 1 branch and end vertices altogether. The next 
result states that every graph satisfying (*) has a spanning tree with at 
most {k — l)/2 branch vertices. The third result states that every graph 
satisfying (*) has a spanning tree with at most |(A: — 1) degree sum of 
branch vertices. All results are sharp. 

Keywords: spanning tree, end vertex, fc-ended tree, branch vertex, de¬ 
gree sum of the branch vertices, Ore-type condition. 


1 Introduction 

Throughout this article we consider only finite undirected graphs without loops 
or multiple edges. The set of vertices of a graph G is denoted by V (G) and the 
set of edges by E{G). A good reference for any undefined terms is [1]. 

For a graph G, we use n and a to denote the order (the number of vertices) 
and the independence number of G, respectively, a> k for some integer fc, let 
tTfe be the minimum degree sum of an independent set of k vertices; otherwise 
we let CT/c = -boo. For a subset S C V{G), we denote by G[S'] the subgraph of 
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G induced by S. We use doiv) to denote the number of neighbors of a vertex 
u in G, called the degree of w in G. 

If Q is a path or a cycle in a graph G, then the order of Q, denoted by \Q\, 
is |y((5)|. The graph G is hamiltonian if G contains a Hamilton cycle, i.e. a 
cycle containing every vertex of G. 

We write a path Q with a given orientation by For x,y G V{Q), we 
denote by the subpath of Q in the chosen direction from x to y. We use 
a;+ to denote the successor, and x~ the predecessor, of a vertex x G V{Q). For 
X C V{Q), we define = {x^ : x G X} and X~ = {x~ : x G X}. 

A vertex of degree one is called an end-vertex, and an end-vertex of a tree 
is usually called a leaf. The set of end-vertices of G is denoted by End{G). A 
branch vertex of a tree is a vertex of degree at least three. The set of branch 
vertices of a tree T will be denoted by B{T). For a positive integer k, a tree T 
is said to be a fc-ended tree if \End{T)\ < k. A Hamilton path is a spanning 
2-ended tree. A Hamilton cycle can be interpreted as a spanning 1-ended tree. 

We begin with two famous results on Hamilton paths. 

Theorem A [5]. Every graph with a 2 > n — 1 has a Hamilton path. 

Theorem B [3]. Every s-connected (s > 1) graph with a < s -f 1 has a Hamil¬ 
ton path. 

There are several problems on spanning trees which are generalizations of 
the Hamilton path problem motivated from optimization aspects with various 
applications. In this paper we consider tree problems arising in the context of 
optical networks: (i) finding a spanning tree of G with the minimum number of 
end vertices, (ii) finding a spanning tree with the minimum number of branch 
vertices and (iii) finding a spanning tree of G such that the degree sum of 
the branch vertices is minimized, motivated by network design problems where 
junctions are significantly more expensive than simple end- or through-nodes, 
and are thus to be avoided. 

The problem of finding a spanning tree with bounded number of leaves ap¬ 
pear when designing centralized terminal networks. 

In 1971, Las Vergnas [5] gave a degree condition that guarantees that any 
forest in G of limited size and with a limited number of leaves can be extended 
to a spanning tree of G with a limited number of leaves in an appropriate sense. 
This result implies as a corollary a degree sum condition for the existence of a 
tree with at most k leaves including Theorem A as a special case for k = 1. 

Theorem C [2], [^, [7]. Let G be a connected graph with a 2 > n — k + 1 tor 
some positive integer k. Then G has a spanning fc-ended tree. 

However, Theorem C was first openly formulated and proved in 1976 by the 
author [7]. Later, it was reproved in 1998 by Broersma and Tuinstra [2]. 

Win [9] obtained a generalization of Theorem B. 
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Theorem D [^. Let G be a s-connected graph with a < s + k — 1 for some 
integer k >2. Then G has a spanning fc-ended tree. 

One of the interest in the existence of spanning trees with bounded number 
of branch vertices arises in the realm of multicasting in optical networks. 
Gargano, Hammar, Hell, Stacho and Vaccaro [5] proved the following. 

Theorem E [^. Every connected graph with 173 > n — 1 has a spanning tree 
with at most one branch vertex. 

Flandrin et al. [4] posed the following conjecture. 

Conjecture A [3]. If G is a connected graph with ak +3 > n — fc for some 
positive integer k, then G has a spanning tree with at most k branch vertices. 

In this paper we present a sharp Ore-type condition for the existence of span¬ 
ning trees in connected graphs with bounded total number of branch and end 
vertices improving Theorem C by incorporating the number of branch vertices 
as a parameter. 

Theorem 1. Let G be a connected graph of order n. If a 2 > n — k + 1 for some 
positive integer k, then G has a spanning tree T with at most k — \B{T)\ -|- 1 
end vertices. 

Let G be the complete bipartite graph Ks,s+k-i of order n = 2S + k — 1 
and minimum degree 6, where fc > 3. Clearly, (72(G) = 26 = n — k + 1. By 
Theorem 1, G has a spanning tree T with \End{T)\ < k — b + 1. Observing 
that T is not (fc — l)-ended, that is \End{T)\ > k, we have & < 1. On the other 
hand, we have & > 1, since \End{T)\ > fc > 3, which implies b = 1. This means 
that T is not (/c —&)-ended and consequently. Theorem 1 is sharp for each k > 3. 

The next result follows from Theorem 1 providing a sharp Ore-type condition 
for the existence of spanning trees in connected graphs with few branch vertices. 

Theorem 2. Let G be a connected graph of order n. If CT 2 > n — /c -|- 1 for some 
positive integer k, then G has a spanning tree with at most {k — I)/2 branch 
vertices. 

The third result provides an Ore-type condition for the existence of spanning 
trees in connected graphs with bounded degree sum of the branch vertices. 

Theorem 3. Let G be a connected graph of order n. If a 2 > n — k + 1 for some 
positive integer k, then G has a spanning tree with at most |{fc — 1) degree sum 
of the branch vertices. 
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Let G be a graph (tree) obtained from the path VQVi...vi,Vb+i by adding new 
vertices ui,...,Ub and the edges UiVi {i = . Clearly, n = 26 + 2 and 

(72 = 2 = n — (26 + 1) + 1. Since |i?(G)| = 6 , the bound (fc — l)/2 in Theorem 2 
is sharp. Further, since Yl\=i d{vi) = |(fc — 1), the bound |(A: — 1) in Theorem 
3 is sharp as well. 

2 Proof of Theorem 1 

Proof of Theorem 1. Let G be a connected graph with (J 2 > n — k + \ and 
let T be a spanning tree in G. Assume that 

(al) T is chosen so that \End{T)\ is as small as possible. 

Put End{T) = {^ 1 , ...,^/}. Let ^ be the unique path in T with 

end vertices and ^ 2 - Further, assume that 

(a2) T is chosen so that P 2 is as long as possible, subject to (al). 

Put \B{T)\ = 6 . If / = 2 then P 2 is a 2-ended spanning tree (Hamilton 
path) in G with |i?(P 2 )| = 6=0, implying that / = 2<A: + 1 = A: — 6+1. 

Now let / > 3, that is 6 > 1. 

Claim 1. If P is a Hamilton path in G[y(P 2 )] with end vertices x,y, then 
N{x)UN{y) C V{P 2 ). 

Proof. Assume the contrary and assume w.l.o.g. that N{x) % V{P 2 ). Put 
T' = T — E{P 2 ) + E{P). Clearly, T' is an /-ended spanning tree in G and 
XV € E{G) for some v € V{G — P). Let G be the unique cycle in T' + xv and 
let vv' be the unique edge on G with v' ^ x. Then T' P xv — vv' is an /-ended 
spanning tree in G, contradicting (a2). A 

By Claim 1, iV(/i) U N{^ 2 ) Q V{P 2 ). If A^(/i) C iV+(/ 2 ) ^ 0 then clearly, 
G[y(P 2 )] has a Hamilton cycle. Since 6 > 1, G[H(P 2 )] has a Hamilton path 
with end vertex x such that N{x) % V{P 2 ), contradicting Claim 1. Hence, 
7V(/i) n N~^{^ 2 ) = 0- Observing also that ^ fV(/i) U N'^{^ 2 ) and N'^{^ 2 ) Q 
V{P 2 ), we get 

|P2|>|A^(/i)| + |iV+(6)l + lte}| 

= d(/i)+d(C2) + 1 > cr2 + 1. (1) 

For each i € {3,..., /}, let ^ be the unique path in T between and 

the nearest vertex Zi of P 2 . Clearly, Zi € B{T) (i = 3,..., /). 

Case 1. |Pi| =2 (i = 3,...,/). 

It follows that B{T) C V{P 2 ). If 6 = 1 then by (1), IP 2 I > (T 2 + 6 and 
therefore, 

/ = IU3,-,e/}|+2 = n-|P 2 | + 2 
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<n — a 2 — b + 2 <k — b+ 1 . 

Let b > 2 and let xi, ...,Xb be the elements of B{T), occurring on ^ in a 
consecutive order. Assume w.l.o.g. that xi = Z 3 . Further, assume that 


(a3) T is chosen so that drixi) is as small as possible, subject to (al) and 

(a2). 


If ^3X1 € E{G) for some vi € then T + ^3X1 —^3X1 is an /-ended 

tree, contradicting (a 3 ). Hence, we can assume that N{^3) C V{^iP2Xi), that 
is 

(iV(/3 )- 23 )ni?(T)= 0. (2) 

Next, if n — Z 3 ) has an element V 2 , then 

V2%^1V2 

is a Hamilton path in G[H(P2)] with end vertex V2 such that N{v2) 2 V{P2), 
contradicting Claim 1 . Hence, 

iv-(/i)n( 7 V(/ 3 )-^ 3 ) = 0 . ( 3 ) 

Finally, if IV“(/i) fl B{T) ^ 0 , that is ^izf G E{G) for some i G { 3 ,..., /}, then 

Zt%^iztl^2^2 

is a Hamilton path in G\V{P2)\ with end vertex Zi such that N{zi) % V{P2), 
again contradicting Claim 1 . Hence, 

iV-(/i)nP(T) = 0 . ( 4 ) 

Using ( 2 ), ( 3 ), ( 4 ) and observing that ^2 ^ U (^^($3) — ^3) U B{T), we 

get 

\V{P2)\ > |iV-(/l)| + |iV(/3) - 23I + |P(T)| + |U2}| 

^ + d{^3) + b > a2 + b, 

implying that 

/ = |{e 3 ,..., 0 }l +2 = n-|U(P2)|+2 

<n — (72 — & -l-2<A: — 5-1-1. 

Case 2. \Pi\ > 3 for some i G { 3 ,..., /}, say i = 3 . 

Case 2.1. iV-(/i) n N+{^ 2 ) ^ 0- 

It follows that/ir(;+, G P(G) for some ic G iV“(/i)nA^+(/2)- If 23 = ic 

then 

wp 2 ^iw ^]^^2 

is a Hamilton path in G[U(P2)] with end vertex w such that N{w) % V{P2), 
contradicting Claim 1 . Hence 2:3 7^ w. Assume w.l.o.g. that 2:3 G V{^iP 2 W~). 
Put 

T' = T + + ^ 2 W~ — 232:/ — ww~. 
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Clearly, T' is a spanning /-ended tree in G and 

is a path in T' longer than P 2 , contradicting (a2). 

Case 2.2. 7V-(Ci) n N+{^ 2 ) = 0- 
Put 

Bi = V{P2) n B{T), B 2 = B{T) - Bi. 

Using Claim 1, it is easy to see that 

N-{^i) nBi= N+{^ 2 ) n Si = 0 . 

Observing also that U C V{P 2 ), we get 

|P 2 i>|iv-(a)i + iiv+( 6 )i + |i?ii 

= ^(?i) + ^{^ 2 ) + \Bi\ > a 2 + \Bi\ > n — k + 1 + \Bi\. 

Then 

n > IP2I + I.B2I + |{ 6 . 

P n — B 2 1 + / — 2 = n — k P b P f — 1 , 

implying that f < k — b P 1. ■ 

Proof of Theorem 2. By Theorem 1, G has a spanning tree T with \End{T)\ < 
k — b P 1, where b = |i?(T)|. On the other hand, it is not hard to see that 
|Und(T)| >6-1-2, implying that b < {k — l)/2. ■ 

Proof of Theorem 3. By Theorem 1 and Theorem 2, G has a spanning tree 
T with / = \End{T)\ < k — b P \ and b < (k — l)/2, where 6 = |i3(T)|. Let 
di,d 2 , ■■■,db be the degrees of branch vertices of T. Observing that 

b 

/ = ^(d.-2) + 2, 

i=l 

we get 

^ Q 

di<kpb—1< -(fc — 1). 
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